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This paper studies a hedging framework for American options that addresses the practical challenges
posed by early exercise, transaction costs, and higher-order risk exposure. We combine PDE-based
option pricing under the Heston stochastic volatility model using the modified Craig—Sneyd scheme
with a distributional deep reinforcement learning (DRL) approach to learn adaptive hedging strategies.
Unlike traditional methods, our DRL agent optimizes directly for tail-risk objectives, including Value-
at-Risk and Conditional Value-at-Risk, while accounting for transaction cost constraints and limited
re-balancing frequency. Through extensive numerical experiments, we demonstrate that the proposed

DRL framework consistently outperforms Delta-Gamma and Delta-Vega hedging, particularly in
high-cost regimes where complete higher-order neutrality is impractical. Specifically, our method
reduces VaR by approximately 17.1% compared to Delta-Gamma strategies and up to 39.4% relative to
Delta-Vega approaches. Moreover, the learned strategies remain robust under misspecification of key
Heston parameters such as the asset-volatility correlation. The robustness results support the practical
applicability of our approach, enabling effective higher-order risk management even in the presence

of model uncertainty.

1. Introduction

Hedging American options presents substantial chal-
lenges due to early exercise features, transaction costs and
frequent rebalancing requirements. These complexities fur-
ther increase when looking at portfolios of American op-
tions or the sequential issuance of option liabilities. In
volatile markets, managing higher-order Greeks, particularly
Gamma and Vega, is essential for further reducing risk, as
Delta hedging alone is insufficient. Traditional methods for
pricing American options based on binomial trees [8] or
finite difference methods [3] have proven effective under
both constant and stochastic volatility models, including the
Heston framework [10]. However, when directly applied
to hedging, these approaches typically assume frictionless
markets and continuous trading. In practice, this leads to
unrealistic strategies characterized by excessive rebalancing
and elevated transaction costs, while still leaving significant
tail-risk exposures unaddressed. Consequently, practical
hedging demands cost-aware adaptive methods that dynam-
ically balance risk exposure and trading efficiency.

Recent advancements in Deep Reinforcement Learning
(DRL) have shown to address the complexities of hedg-
ing under realistic market conditions effectively [15, 13].
Unlike classical methods, DRL-based strategies explicitly
incorporate market frictions during policy training, enabling
adaptive hedging that balances risk minimization, in par-
ticular the tail risk measured via Value-at-Risk (VaR) or
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Conditional VaR (CVaR), against transaction costs. How-
ever, most existing DRL literature focuses on European-
style options [7, 6, 5], where early exercise is not permit-
ted, and the associated option evaluation is comparatively
simpler. Robust DRL frameworks specifically tailored for
American-style options, particularly put options, which are
frequently exercised early, remain scarce [16]. Moreover,
existing studies often concentrate solely on Delta hedging or
rely on simplified asset dynamics. As a result, the accurate
and cost-aware management of higher-order Greeks under
realistic conditions, including transaction costs and stochas-
tic volatility, has not been comprehensively addressed in the
literature [4, 19, 14, 9].

1.1. Main Contributions

To address these gaps, this paper proposes an advanced
DRL framework specifically designed for dynamic hedg-
ing of American options under realistic market conditions,
including stochastic volatility and transaction costs. The
principal contributions of this paper are:

e Distributional DRL Algorithm: We extend the D4PG-
QR algorithm [6] to optimize higher-order Greeks hedg-
ing policies for American options explicitly with respect
to tail-risk metrics such as VaR and CVaR, and trans-
action costs, offering improved risk management over
standard mean-based DRL approaches.

e Detailed Benchmarking and Robustness Analysis:
The proposed DRL policies are rigorously benchmarked
against classical Delta, Delta-Gamma, and Delta-Vega
strategies across varying transaction cost regimes and
models. Moreover, we demonstrate the robustness of the
learned hedging strategy to model parameter misspecifi-
cations in the Heston stochastic volatility model.
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In addition, the paper makes two computational contribu-
tions:

e Accurate Heston Simulation under QE Scheme: In
contrast to prior work relying on simplified volatility
dynamics, we employ the robust Quadratic-Exponential
scheme [1, 17] to simulate asset paths in the Heston
stochastic volatility model. This approach preserves the
essential distributional characteristics of the underlying
Cox-Ingersoll-Ross (CIR) process, ensuring that volatil-
ity paths remain strictly positive and follow realistic
trajectories. This is crucial for accurate use of cali-
brated Heston parameters, as naive schemes like Euler-
Maruyama introduce biases which results in inconsisten-
cies between calibration and simulations.

o Integration of Advanced PDE Pricing Methods: We
incorporate the Modified Craig—Sneyd Alternating Di-
rection Implicit method [12] for efficient and accurate
pricing of American options in the Heston framework.
This method yields reliable Greek sensitivities required
for effective higher-order hedging.

In this paper, we conduct extensive numerical experiments
and demonstrate that the proposed DRL framework signifi-
cantly outperforms classical Greek-based hedging strategies,
improving both risk reduction and cost efficiency, especially
so in high transaction cost regimes. In particular, our DRL
approach reduces VaR by approximately 17.1% compared
to Delta-Gamma hedging and up to 39.4% relative to Delta-
Vega hedging, showing the effectiveness of adaptive, risk-
aware policy learning (see Table 1 and Table 3 below).

1.2. Structure of the Paper

The remainder of this article is organized as follows. Sec-
tion 2 formalize the hedging problem, details the stochastic
models, option—pricing schemes, and the distributional DRL
algorithm. Section 3 presents the main empirical results
obtained under a realistic market regime with positive inter-
est rates and negative market price of vol-risk, benchmark-
ing the learned strategy against Delta, Delta—Gamma, and
Delta—Vega hedges. Complementary experiments carried
out in a drift-free setting are reported in Section 4 to isolate
the influence of early exercise incentives. Section 5 then
assesses the robustness of the policy to misspecification of
Heston parameters. Finally, Section 6 summarizes the key
findings, and Section 7 outlines avenues for future research.

2. Hedging Problem and DRL Framework

The core objective addressed in this paper is the develop-
ment of an optimal dynamic hedging strategy for a portfolio
of American-style put options, with particular emphasis on
managing higher-order risks, specifically Gamma and Vega.
The hedging instruments to do so are the underlying asset, as
well as additional American put options written on the same
underlying asset.

Focusing on the higher-order aspect of the portfolio,
we employ a Deep Reinforcement Learning framework that
directly optimizes the sequence of hedging decisions. The

DRL agent learns the optimal dynamic policy throughout
the option’s life-cycle including the initial hedge position
a at time zero. The market dynamics are simulated with a
stochastic process of choice, using a set of parameters, which
are assumed to remain constant during the hedging period.
More precisely, the underlying asset price process (S});>
and its instantaneous variance process (v,),>( are simulated
under either a stochastic volatility model, in our case the He-
ston model, or the Geometric Brownian Motion (GBM) as
a baseline. At each discrete re-balancing interval, the agent
determines the optimal quantity of hedging instruments to
minimize risk exposure measured by a risk metric such as
Value-at-Risk over the full hedging horizon. Option prices
and Greek sensitivities are computed at each time step based
on the simulated market state (.S;, v;), in addition to the fixed
set of initially calibrated model parameters.

2.1. Modeling the Underlying (Physical Measure)

In this study, we employ two primary models to simulate
(underlying) asset price paths: the classical Black—Scholes
(BS) model based on a GBM and the Heston stochastic
volatility model.

Black—Scholes Model Under the physical measure P the
GBM dynamics are

dS, =S, (r+u—q)dt+S,0 dW,, t>0,
where o is the constant volatility, r is the risk-free rate, q is
the continuous dividend yield, u represents the excess mean

rate of return on equity under P, and (W})5 is a standard
Wiener process under P.

Heston Model The Heston stochastic volatility model
reads

dS, =S, (r+u—q) dt+ S;\/v, dW,S, >0,

dv, = kp(0p — v,) dt + EJv, AW, 1> 0,

where (VVtS )r>0 and (W)Y),5 are standard Wiener processes
under P with correlation p, i.e., d(WS, WYy, = pdt. The
parameters &, kp, and fp denote the vol-of-vol, the speed
of mean reversion, and the long-run mean of the variance
process, respectively.

Simulation Methods. For the BS model we sample paths
from its closed form solution. In contrast, Heston model
paths are simulated using the robust Quadratic-Exponential
(QE) scheme [1, 17], which is well-known for its numer-
ical stability and its ability to preserve key distributional
properties of the Heston model, including accurate moment
matching of the CIR stochastic volatility process.

2.2. American Option Pricing

The valuation of American put options in the BS model
is done via the binomial tree approach [8] using a 200-step
tree and the valuation of American put options under the
Heston model is performed using the modified Craig—Sneyd
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finite-difference scheme [12, 11]. This choice is justified
due to its numerical stability, efficiency, and the accurate
computation of the options sensitivities (Greeks), which is
a crucial property for our higher-order hedging set-up. The
scheme numerically solves the following partial differential
inequality subject to an early exercise condition:

aU 1 02U U 2 0*U

— 4+ pS—= Sv——

P aS2+ P 9500 5 2
+(r—q)S£+K@(0@—U)E—rUSO,

and such that U > (K — S)*. In our implementation, a
50x%25 grid in the stock and volatility dimensions provides a
reasonable trade-off between computational cost and pricing
accuracy, which allows us to simulate a high number of
option prices required for the training and evaluating of the
DRL agent (see [18] for more details).

2.3. DRL Framework for Hedging

The hedging task is formulated as a Markov Deci-
sion Process and is solved through a distributional deep-
reinforcement learning algorithm. In particular, we define
the state s;, action q,, and reward R(s;, a,) at time ¢, which
we use to manage risk exposure under market frictions, i.e.
the exposure to the two Greeks Gamma and Vega under
transaction costs. Delta hedging is assumed to be frictionless
and A is absent from the state space s;. In practice, the net
delta of a call-put combination is typically small, as the
call’s positive delta largely offsets the put’s negative delta.

State Space. The state at time 7 is defined by the vector,
5= (S, T, e, pleds | piledey

where:

e S, is the current price of the underlying asset,

oI tT"t and VtTOt denote the total aggregated Gamma and
Vega exposure of the portfolio at time ¢, respectively.
The total portfolio consists of the Delta portfolio, the
liability portfolio, and the hedging portfolio,

° FHedg and V,H edg represent the Gamma and Vega of the
avallable hedging option, which has 30 days to maturity
and strike K = S; at time ?.

Note that the instantaneous variance process v; does
not appear explicitly in the state representation, but enters
implicitly through the Gamma and Vega sensitivities.

Action Space. We model a continuous action space A :=
[ X min> Xmax]- The action a, € A denotes the number of
option shares to purchase at time ¢ for hedging purposes.
These options are written on the same underlying asset as
the rest of the portfolio, but can have different maturity from
it. By dynamically adjusting the hedge position, the agent
aims to reduce the portfolio’s Gamma and Vega exposures,
achieving either partial or full hedging. The bounds X ;, and

Gamma or Vega exposure, while X
the two.

reflects the higher of

max

Reward Function. The per-step reward is defined as:

_ Tot
R(St’ a,) - PnLt—>t+Al

TG, ey

where PnLtTfft +a; denotes the profit and loss of the total
portfolio over the interval [f,7 + At], and TC, represents
the transaction costs incurred at time ¢. The reward thus ex-
plicitly captures both portfolio profit/loss and trading costs.
The DRL agent learns to optimize the cumulative reward
over time, with a focus not only on expected return, but also
on tail-risk management. To this end, we employ a distri-
butional reinforcement learning approach based on quantile
regression [6, 7], enabling direct optimization of tail-risk
objectives such as VaR and CVaR and Mean-Std.

Policy and Discount Factor. The hedging policy z(a| s)
is a conditional distribution that assigns to every observed
market state s, € S a feasible hedge adjustment a, € A.
Given such policy, the agent generates a path which contains
a set of states and decisions {(s,, a,) }tT=_Ol and stores a reward
stream R(s;, a,) defined previously. For any coherent objec-
tive (risk) function G, the optimisation problem becomes

zt = arg max G Zthl y’R(st,at)], a, ~ (- | ;1)
For example, under a VaRgsq, criterion this becomes G =
T’O_ 95+ The discount factor y € (0, 1] controls how strongly
rewards realised later in the hedge horizon influence the risk
measure; we set y = 1, treating profit-and-loss at every step
up to the T'=30-day maturity with equal importance.

Objective Functions We evaluate risk using three com-
monly applied tail-sensitive metrics, each serving as a po-
tential training and evaluation objective for the DRL agent.
Let PnL denote the cumulative profit and loss of the total
portfolio. The objective functions are as follows:

Mean-Std = [E[PnL ] — 1.645 - Std[PnL,]
VaRgsy, = Fy L [PnL,]
CVaRgsy, = E[PnL, | PnL, < VaRgsy]

Here, Mean-Std penalizes variability around the expected
return symmetrically by subtracting a multiple of the stan-
dard deviation. In a normal distribution a z score of -1.645
corresponds to the 95th quantile, and as shown in Figure 1 in
our case is very close to the 95th as well. VaRgs¢, targets the
95th percentile of the PnL distribution, identifying extreme
losses with a fixed quantile cutoff. CVaRgs5¢, measures the
expected loss conditional on exceeding the VaR threshold,
thus providing a deeper assessment of tail risk.

2.4. Distributional Actor-Critic Algorithm
We employ the D4PG-QR algorithm [2, 6], which inte-
grates continuous control with distributional reinforcement

X max correspond to hedging 0% and 100% of the Gamma or learning. By modeling the full return distribution via quan-
Vegarisk. Specifically, X, is set based on the lower of the tile regression, this approach enables direct optimization of
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VaR and CVaR, outperforming standard mean-based rein-
forcement learning methods.
e Actor network: outputs the continuous hedge adjust-
ment g, given the current state s,.
o Critic network: estimates the distribution of future
returns using quantile regression, enabling explicit op-
timization of risk-sensitive objectives.

Training Procedure. To create the simulated hedging en-
vironment, first, the underlying asset paths are generated
(using either the Quadratic-Exponential scheme for the He-
ston model or the closed-form solution for the BS). Second,
for each time step, PDE-based option prices and Greeks
are computed for the option portfolios. Third, the DRL
agent learns optimal hedging through the following iterative
procedure:

1. Transitions (s,,a,,r;) are collected and stored in a
replay buffer.

2. The critic network is updated off-policy by minimizing
the distributional Bellman error via quantile regres-
sion.

3. The actor network is updated using the policy gradient,
guided by feedback from the distributional critic.

Evaluation and Robustness Testing. The trained DRL
policy is evaluated out-of-sample on 8,000 episodes, which
are simulated from the underlying models, to assess perfor-
mance and generalization. Specifically, we test:

e Hedging performance relative to classical Delta, Delta-
Gamma, and Delta-Vega strategies under various trans-
action cost regimes and objective functions.

e Robustness under misspecification of Heston model
parameters: initial variance v, long-term variance p,
mean reversion speed kp, vol-of-vol £ and correlation

.

3. Experiments and Results

The framework required approximately 150,000 CPU
hours for development and testing. Each Heston stochastic
volatility scenario (e.g., 2% transaction cost optimized with
CVaRysq, objective) consumed around 1,440 CPU hours for
simulation and training.

Transitioning from a constant volatility (BS) environ-
ment to the Heston model notably increased computational
requirements, necessitating a doubling of training episodes
from 32,000 to 65,000 and scaling parallelization from a sin-
gle DRL agent to roughly 21 agents. This scaling addressed
variability in hedging performance across training runs (see
Figure 2).

The option valuation step required approximately 10
million PDE-based option calculations in total across all
simulated paths, underscoring the computational intensity
inherent in large-scale, finite-difference-based simulations
for precise option pricing and Greeks estimation.

Although further optimizations could significantly speed
up both valuation and agent training, such improvements

remain beyond the present scope, as this study emphasizes
analyzing results derived from the proposed methodology.

3.1. Experiment Setup

The experiments investigate hedging strategies for Amer-
ican put options under stochastic conditions. Specifically, we
consider:

e An initial American put option with a time to maturity
(TTM) of 30 days.

e Subsequent American put option arrivals, each with a
60-day TTM and an at-the-money strike price (K = .S;),
following a Poisson process with intensity 4 = 1 and
equal probability (50%) of being either short or long
positions.

e Transaction costs represented by bid-ask spreads for op-
tion trading set at three levels: spread, € {0.5%, 1%, 2%}
Vt = 0,...,T for buying/selling 30-day American put
options, where we note again that A-hedging is assumed
to be frictionless.

We adopt the Heston stochastic volatility model with the
following set of reasonable (potentially market calibrated)
parameters using a positive risk-free rate and equity drift,

also incorporating a volatility risk premium of 4, = 1.5,
and

r=2% u=3% q=0% kp =1.0

Op =030> =03 p=-0.7 uv,=030?

The mean rate of return for .S, is r + y — g = 5% and the
market price of volatility risk introduces a linear adjustment
to the Heston dynamics, modifying the mean-reversion term
as follows:

KP(HP - vt) dr = K@(OQ - U,) dt — A, v, dt,

Kp Op

Ko = Kkp + 4,, _
Q P v KP+AU

Og =

Incorporating a positive risk-free-rate into our frame-
work makes the early exercise feature of an American put
option economically advantageous, in contrast to scenarios
where r = g = 0%, in which the early exercise is not
advantageous. Our goal is to perform our analysis for sce-
narios where hedging American options poses additional
challenges. In contrast, for the GBM benchmark we set the
volatility to o = 0.30 and take r = ¢ = g = 0, matching the
specification in Cao [6]. This yields a like-for-like compari-
son and serves as a validation of our DRL implementation.

3.2. Black-Scholes Results

In this constant-volatility framework, we compare three
hedging strategies: the standard Delta hedge, a Delta—
Gamma hedge that enforces full Gamma neutrality at each
rebalancing step, and a DRL policy trained on the same
GBM paths. Table 1 presents tail-risk metrics (Mean—Std,
VaR95, and CVaR95) along with the expected trading costs
for the RL agent, under three different bid—ask spreads. Since
volatility is constant, there is no Vega risk, and Gamma
exposure becomes the sole second-order concern. As a
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Table 1
Results under Black-Scholes model (constant volatility case)

Objective Function Value

Obj. Function Delta Delta-Gamma RL E[TCR
0.5% Transaction Cost

Mean-Std 26.62 5.49 5.43 2.92

VaR95 24.71 5.51 5.38 2.88

CVaR95 39.29 6.65 6.33 3.06
1% Transaction Cost

Mean-Std 26.62 9.73 8.65 4.94

VaR95 24.71 9.92 8.60 4.42

CVaR95 39.29 11.26 10.22 4.64
2% Transaction Cost

Mean-Std 26.62 18.61 13.69 6.09

VaR95 24.71 18.93 14.08 6.09

CVaRo95 39.29 20.87 16.83 6.76

Hedging performance under constant volatility using the BS
model. This table compares Delta, Delta-Gamma, and DRL-
based (D4PG-QR) strategies across transaction cost levels of
0.5%, 1%, and 2%. Delta hedging is assumed to be frictionless,
thus risk values remain constant through different transaction
costs. The Delta-Gamma strategy fully neutralizes Gamma
each step and incurs expected transaction costs of 3.14, 6.85,
and 13.7, respectively. The DRL agent adaptively hedges
approximately 80%, 60%, and 30% of Gamma exposure,
dynamically balancing cost and risk.All results are averaged
over 8,000 simulated hedging episodes.

result, this setting isolates the Delta-Gamma hedging trade-
off.

The results demonstrate that DRL learns a stable trade-
off between cost and risk. In high-cost environments, it
selectively tolerates residual Gamma exposure to avoid un-
necessary rebalancing. For 0.5% transaction costs on average
the RL agent reduces 2.75% the risk metric, for 1% it reduces
it for 11.22% and for 2% it reduces it by 23.81%. Those
reductions showcase the effectiveness of using an adaptive
hedging methodology, even under constant volatility, where
vega exposure is zero. As shown in Table 1, the RL agent
reduces the gamma hedging intensity as transaction costs
increase which is consistent with real trading heuristics:
hedge less when it’s expensive, and accept moderate ex-
posure when full neutrality becomes inefficient. Our GBM
results for American options are aligned with Cao’s [6] GBM
results for European options.

3.3. Heston Results

Learning an optimal hedging policy under stochastic
volatility is substantially more computationally challenging,
as the agent must learn to manage both Gamma and Vega ex-
posures. This increases the dimensionality of the state space
and introduces greater complexity in the underlying market
dynamics and hedging decisions. The added difficulty is
reflected in the comparison between DRL-based strategies
under constant volatility (Table 1) and stochastic volatility

(Table 2), where the presence of volatility uncertainty leads
to higher residual risk and transaction costs.

The key objectives of our study are as follows: (i)
benchmark the performance of DRL-based hedging poli-
cies against classical Greeks-based strategies (Delta, Delta-
Gamma, and Delta-Vega); (ii) examine how increasing trans-
action costs influence hedging intensity and the trade-off
between cost and risk reduction; and (iii) quantify the added
learning complexity introduced by stochastic volatility and
its effect on the agent’s ability to develop efficient hedging
strategies.

Comparison to Baselines. The Delta, Delta-Gamma, and
Delta-Vega strategies represent classical hedging approaches
in which the corresponding Greek exposures are fully neu-
tralized at each time step. As Delta hedging is assumed
to be frictionless, the expected transaction costs for the
Delta-Gamma and Delta-Vega strategies arise solely from
purchasing additional options to hedge Gamma and Vega
exposures.

In Table 2 both Delta-Gamma and Delta-Vega strategies
achieve better risk metrics than pure Delta hedging, confirm-
ing the effectiveness of higher-order risk management. Most
importantly, under stochastic volatility the DRL-based strat-
egy consistently outperforms all classical methodologies
across all transaction cost levels and metrics. Unlike static
strategies, the DRL agent dynamically adjusts the percentage
of Gamma and Vega exposures hedged over time, optimizing
the trade-off between risk reduction and incurring transac-
tion costs. Among the baselines, Delta-Vega consistently
performs the worst, as fully hedging Vega exposure with
shorter maturity options is very inefficient. The DRL policy
learns to adaptively reduce hedging intensity as transaction
costs increase to prevent higher transaction costs incurred
from increasing tail metrics.

Effect of Increasing Spread. Although transaction cost
levels (spreads) increase linearly from 0.5% to 1% and 2%,
the expected transaction costs incurred by the RL agent do
not rise proportionally. This non-linear increase indicates
that the DRL policy adapts by reducing hedging intensity,
specifically, lowering Gamma and Vega hedge ratios, to
control costs.

In high-cost environments, fully neutralizing higher-
order Greeks becomes prohibitively expensive and leads to
suboptimal outcomes. The RL agent learns to balance this
trade-off by selectively hedging when the increased costs
result in a reduction of the objective function (risk). As
excessive trading can amplify tail risk, the DRL approach
yields more favorable overall risk-cost profiles under high
transaction cost regimes.

3.3.1. Hedging Dynamics Visualization

The hedging behavior of the DRL agent under the Heston
model is visualized in Figure 1, which depicts results for a
30-day American put option with sequential option arrivals,
optimized using a VaRgsq objective and a 2% transaction
cost spread. Subplots (1,1) and (2,1) illustrate how the agent
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Table 2

Hedging Results under Stochastic Volatility (Heston) with r=2% and mean rate of return 5%

Objective Function Value for RL Gamma RL Vega Expected RL
Objective Function Delta Delta-Gamma Delta-Vega RL Hedge Ratio Hedge Ratio Transaction Cost
0.5% Transaction Cost
Mean-Std? 55.81 32.02 40.89 25.93
VaR95 54.54 31.68 38.93 25.12 0.40 0.30 3.44
CVaR95? 77.17 44 .48 57.41 35.61
1% Transaction Cost
Mean-Std? 55.81 35.22 46.86 29.43
VaR95 54.54 35.03 44.79 28.55 0.26 0.24 5.61
CVaR95? 77.17 47.90 64.02 38.68
2% Transaction Cost
Mean-Std? 55.81 41.74 590.11 34.41
VaR95 54.54 41.96 57.43 34.78 0.24 0.18 9.59
CVaR95? 77.17 54.83 77.47 45.61

Out-of-sample hedging performance under the physical measure P (Heston model, r = 2%, mean rate of return 5%, volatility risk
premium 4, = 1.5). Columns report the risk metric (Mean—Std, VaR95, CVaR95) for the four strategies Delta, Delta~Gamma,
Delta—Vega and DRL, evaluated at bid—ask spreads of 0.5%, 1% and 2%. The final three columns give the RL agent’s average
Gamma-hedge ratio, Vega-hedge ratio and expected transaction costs. For reference, the rule-based benchmarks incur expected
costs of Delta—Gamma = (3.13, 6.26, 12.52) and Delta—Vega = (5.81, 11.61, 23.23). Results are averaged over 8000 simulated

episodes.

dynamically reduces Gamma and Vega exposures over time,
while subplots (1,2) and (2,2) show the respective Greek
contributions from each portfolio component (if results for
the 0.5% transaction cost scenario were plotted, they would
show more aggressive Gamma and Vega hedging behavior).

Note that the liability portfolio receives randomly arriv-
ing options with 60-day time-to-maturity (TTM), whereas
the hedging instruments have a fixed 30-day TTM. As a
result, the Gamma exposure of the hedge portfolio tends to
exceed that of the liabilities, while the opposite holds for
Vega. This asymmetry introduces additional complexity into
the optimization problem and underscores the flexibility of
the DRL agent in adapting its hedging policy to account for
non-stationary risk exposures and instrument mismatches.

In addition, subplot (3,1) displays the average PnL of
each constituent portfolio, illustrating how the liability and
hedge components can exhibit substantial fluctuations that
largely offset one another. Subplots (3,2) and (4,1) reveal a
near-linear relationship between transaction cost and port-
folio risk, indicating that the DRL strategy maintains sta-
ble cost-risk trade-offs over the hedging horizon. Subplot
(4,2) shows the cumulative PnL distribution at maturity 7T,
highlighting how each optimization objective, Mean-Std,
VaR, and CVaR, corresponds to a different part of the PnL
distribution.

All together, the visualizations provide compelling evi-
dence of the DRL agent’s ability to perform dynamic, cost-
aware hedging under stochastic volatility and sequential
portfolio construction, adapting effectively to evolving mar-
ket and risk conditions.

3.3.2. Training Stability and Agent Selection

Figure 2 shows training and validation results for 21
DRL agents trained under the Heston model with a 2%
transaction cost and VaRgs objective. Between agents there
is identical architecture, hyperparameters, and training data,
with performance variaablity being attributed only to the
NNs weights initialization seed. Most agents converge to
stable, effective hedging strategies that outperform Delta-
Gamma across all risk metrics; with only 1/21 failing to learn
an optimal control policy.

The variability in the outcome stems from sensitivity to
weight initialization and the inherent stochasticity of policy
search and gradient descent in high-dimensional spaces. To
reduce uncertainty in the learned policy, we trained multiple
agents and selected the best-performing policy based on out
of sample results. While most trained agents consistently
outperform classical benchmarks, ensuring consistent con-
vergence to the best case, remains a nontrivial challenge.

In practice, robust policy convergence is as critical as
model architecture. Thus, future work may mitigate vari-
ability in outcome by employing warm-starts, evolutionary
policies, and adaptive scheduling during training.

4. Experiments under Zero Mean Rate of
Return for Equity

In this section, we conduct a series of controlled exper-
iments where the risk-free rate, equity drift, and equity risk
premium are all set to zero, ie., r = ¢ = u = A, =
0%. Under these assumptions, the early exercise feature of
an American put option lacks economic incentive. Table 3
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Figure 1: Visualization of DRL hedging dynamics under the Heston model for a 30-day American put option, optimized for
VaRys,, with a 2% transaction cost under P. The agent responds to sequential option arrivals (60-day maturity) and adjusts a
30-day hedging option accordingly. Subplots (1,1) and (2,1) show the evolution of Gamma and Vega exposures, while (1,2) and
(2,2) break these exposures down into liability and hedge components. Subplots (3,1) and (3,2) show average PnL evolution
and its relation to transaction cost. Subplot (4,1) relates cost to risk, and (4,2) compares final PnL distributions under different
optimization objectives. Shaded areas denote 95% interquartile ranges over 8,000 episodes.

reports the results under these assumptions, effectively iso-
lating the valuation dynamics from drift and the market price
of volatility risk.

This setup enables a focused assessment of the early
exercise component’s influence on the performance of the
reinforcement learning (RL) algorithm. It also facilitates
an indirect comparison with the findings of Cao [6], albeit
with the use of a different stochastic volatility model (Cao
employs SABR with r = ¢ = u = 0%) and numerical
method used for option evaluations.

In Table 3 the RL-based approach continues to outper-
form rule-based strategies, having slightly worse risk metrics
consistently across transaction costs. Additionally, Delta-
Vega hedging exhibits the largest relative deterioration in
risk, with increases of 7.92% in VaR95 under 2% transaction

costs relative to Table 2. Pure Delta hedging benefits mod-
estly from positive drift, whereas Delta-Gamma hedging
shows negligible differences.

Furthermore, the RL strategy under positive drift and
negative A exhibits higher vega hedging percentages in Ta-
ble 2 versus Table 3, coresponding to the increased volatility
risk which a negative A introduces. Lastly, RL also realizes
cost efficiencies, with expected transaction costs reduced by
approximately 8-9% relative to the neutral-drift case. The
results of Table 2 versus Table 3 highlight the robustness of
the DRL framework across different drift regimes.

Choosing an Objective Function. In this section, we
train DRL agents with all three objective functions. Based
on those results, Table 4 bellow reveals that the choice
of objective function does not significantly impact the risk
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Figure 2: Training and validation performance across 21 independently initialized DRL agents trained under the Heston model
using a VaRy,, objective with a 2% transaction cost. The top panel shows the rolling average PnL and VaR,,, during training; the
bottom panel shows the corresponding validation performance over 8000 episodes. Each line represents one agent initialized with a
different random seed, trained and evaluated on the same dataset. The wide dispersion in final outcomes highlights the sensitivity
of DRL performance to initialization, underscoring the need for multiple training runs and agent selection in high-dimensional
hedging problems.

Table 3
Hedging Results under Heston's stochastic volatility model (with zero drift)

Objective Function Value for RL Gamma RL Vega Expected RL
Objective Function Delta Delta-Gamma Delta-Vega RL Hedge Ratio Hedge Ratio Transaction Cost
0.5% Transaction Cost
Mean-Std 56.54 31.72 43.10 26.51 0.43 0.26 3.81
VaR95 55.93 31.02 41.22 25.57 0.46 0.25 3.57
CVaR95 80.67 4401 60.38 35.41 0.45 0.26 3.72
1% Transaction Cost
Mean-Std 56.54 35.15 49.51 29.55 0.32 0.19 5.76
VaR95 55.93 34.72 47.96 29.00 0.36 0.20 5.87
CVaR95 80.67 47.74 67.45 40.36 0.38 0.17 5.91
2% Transaction Cost
Mean-Std 56.54 42.15 62.66 34.77 0.29 0.18 9.88
VaR95 55.93 42.09 61.98 34.84 0.23 0.16 8.78
CVaR95? 80.67 55.32 81.83 45.43 0.23 0.16 8.78

Comparison of hedging strategies under stochastic volatility using the Heston model. Risk and cost outcomes are reported
for classical Delta, Delta-Gamma, Delta-Vega, and DRL-based hedging across three transaction cost levels (0.5%, 1%, 2%).
DRL policies are trained using the D4PG-QR algorithm with Mean-Std, VaR,s, or CVaRys, objectives. For each strategy and
objective, we report the corresponding loss metric value. The final three columns summarize the DRL agent's average Gamma
hedge ratio, Vega hedge ratio, and expected transaction cost over 8,000 evaluation paths. Gamma/Vega hedge ratios denote the
average proportion of risk neutralized across the hedging horizon. The expected transaction costs for Delta-Gamma are 3.35,
6.69, and 13.39 for the respective transaction cost regimes; for Delta-Vega, the values are 6.23, 12.45, and 24.92. Delta hedging
is assumed to be frictionless, thus risk values remain constant through different transaction costs regimes.

metrics which the agent was not directly optimized for.
Thus, in our experiments agents trained to minimize VaR95
also achieved strong performance in terms of CVaR95 and
Mean-Std, and vice versa. This observation is consistent
with Figure 1, subplot (4,2), which shows that all three
optimization objectives effectively targeting neighboring re-
gions in the resulting PnL distribution (specially in the case

of Mean-Std and VaR95). Consequently, to reduce training
costs in the more demanding stochastic volatility setting with
early-exercise features, we restricted training to the VaR95
objective and only report those results in Table 2.
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Table 5

Higher-Order Greeks Hedging of American Options with DRL

Our Results compared to Cao's [6] results

Our Results (Heston, Amer. Put)

Cao’s Results (SABR, Euro. Call)

Objective Function Delta-Gamma Value RL Value % Reduction Delta-Gamma Value RL Value % Reduction
0.5% Transaction Cost

Mean-Std 31.72 26.51 16.43% 19.46 17.76 8.74%
VaR95 31.02 25.57 17.57% 19.23 19.31 -0.42%
CVaR95 44.01 35.41 19.54% 27.53 26.06 5.34%
1% Transaction Cost

Mean-Std 35.15 29.55 15.93% 23.06 20.03 13.13%
VaR95 34.72 29.00 16.48% 23.02 20.22 12.16%
CVaR95 47.74 40.36 15.46% 31.55 26.81 15.03%
2% Transaction Cost

Mean-Std 42.15 34.77 17.51% 30.51 2417 20.77%
VaR95 42.09 34.84 17.24% 30.67 23.85 22.23%
CVaR95* 55.32 45.43 17.88% 39.79 31.57 20.67%

Comparison of DRL hedging results for American puts under the Heston model (our work) versus European calls under the
SABR model as presented by Cao [6]. The percentage reduction is computed as (Delta-Gamma - RL)/DeIta-Gamma X 100%,
and reflects the improvement in the objective function value achieved by the DRL policy relative to the Delta-Gamma baseline.

Table 4
Performance of 1%-transaction costs-trained agents across risk
metrics

Objective F. Mean-Std VaR,,, CVaR,, E[TC]
Mean-Std 29.55 29.17 39.92 5.76
VaR95 29.27 29.00 38.92 5.87
CVaR95 30.07 29.74 40.36 6.16

These results suggest that the DRL policy exhibits ro-
bustness across different risk metrics, even when trained
with respect to only one. Nevertheless, VaR emerges as a
particularly practical objective. It is less sensitive to extreme
outliers during training than CVaR. Which could explain
why VaR optimized agent outperforms the CVaR optimized
agent in the CVaR metric in Table 4. Additionally, the VaR
objective function corresponds to a fixed quantile of the PnL
distribution, offering a more stable and interpretable target
compared to the Mean-Std objective.

4.1. Comparison to Cao’s [6] Results

Table 5 compares our DRL hedging results for American
put options under Heston dynamics with zero drift and mar-
ket price vol-premium, with those reported by Cao [6], who
studied European call options under the SABR model and
also zero drift and zero market price vol-premium. Despite
differences in option type, stochastic model, and hedging
setup, the relative improvements achieved by the DRL agent
are comparable in magnitude across many objective func-
tions and transaction cost levels. With the biggest difference
being that our method achieves consistent reductions in risk
across all objectives and transaction costs, where in Cao’s

2CVaR95 and Mean-Std Metrics are reported based on the performance
of an agent optimized with the VaR95 objective function.

case the RL’s risk reduction increase with transaction costs.
This could be attributed to the different stochastic model of
choice or/and the option valuation methodology.

5. Robustness to Model Misspecification

In real-world applications, Heston model parameters are
rarely calibrated with perfect accuracy, resulting in discrep-
ancies between the assumed model dynamics and the true
behavior of the market. This section evaluates the robustness
of the deep reinforcement learning hedging policy under
such parameter mismatches. Where the realized market con-
ditions (parameters) vary from the initial assumed (cali-
brated) ones. For these experiments we assumed r = y =
q = A, = 0 and parameters kp, Op, &, p are assumed to be
constant for the duration of the simulation.

Robustness is a critical requirement for practical deploy-
ment, as it ensures that the learned policy maintains effective
risk mitigation even when model assumptions are violated.
A robust strategy should generalize well to moderate shifts
in key parameters, avoiding catastrophic performance degra-
dation due to calibration errors or regime shifts in volatility
dynamics.

As shown in Table 6 and Figure 3 in general small shifts
in Heston parameters lead to small differences in the value of
CVaR s indicating that the DRL hedging strategy generally
maintains its expected risk metrics and transaction costs.
This robustness is particularly evident for perturbations in
the parameters {6p, p, kp }, where the impact on risk and cost
remains modest. In contrast, shifts in {vy, &} lead to more
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Table 6
Robustness testing over different bumped parameters

ParameterCVaRgstransaction costsObservations

Initial Volatility (v,)

v, =01 29.92 6.24 Reduced risk, reduced cost.

v, =02 39.79 9.01 Reduced risk, reduced cost.

v, =03 4515 937 -

v, =04 60.09 16.28 Larger risk, larger cost.

v, =05 7244 2484 Larger risk, larger cost.
Volatility-of-Volatility (&)

E=0.1 33.65 9.75 Reduced risk, larger cost.

E=02 40.12 951 Reduced risk, similar cost.

£=03 4515 9.37 -

=04 59.15 9.38 Larger risk, similar cost.

£=05 6898 9.46 Larger risk, similar cost.
Mean Reversion Speed (kp)

kp =05 51.71 9.38 Larger risk, similar cost.

kp =0.8 50.18 9.38 Larger risk, similar cost.
Kkp =10 4515 9037 -

kp=12 4835 9.38 Larger risk, similar cost.
kp =15 47.05 9.38 Larger risk, similar cost.

Correlation (p)

p=-09 47.65 9.03 Larger risk, reduced cost.
p=-0.8 48.48 9.21 Larger risk, similar cost.
p=-0.7 45.15 9.37 -

p=-0.6 49.72 9.54 Larger risk, similar cost.
p=-0.5 50.16 9.68 Larger risk, similar cost.

Long Term Variance (05 )

0, =0.03 49.49 9.31 Larger risk, similar cost.
0p = 0.06 49.34 9.35 Larger risk, similar cost.
0, =0.09 45.15 9.37 -

0, =0.12 49.18 9.43 Larger risk, similar cost.
0, =0.15 49.17 9.51 Larger risk, similar cost.

Robustness evaluation of DRL hedging performance under
Heston model parameter misspecification. Each row shows the
resulting CVaRys, and expected transaction cost (transaction
costs) when a single parameter is perturbed from its baseline
value: {v, = 0.3, £ =03, kp = 1.0, p = -0.7, 6 = 0.09}.
The third column provides qualitative observations. Results
are averaged over 8,000 episodes using the same DRL policy
trained under baseline parameters with a 2% transaction cost
and CVaRy, objective. The 95% confidence intervals for
baseline CVaRys, and transaction costs are 1.59 and 0.36,
respectively.

pronounced changes in both the risk and cost profiles, indi-
cating greater sensitivity to initial variance v, and volatility-
of-volatility &.

Most notably, initial variance v, exhibits a monotonic
relationship with cost: higher than expected v, increases
both expected costs and tail risk, and lower than expected
vy results to lower costs and tail risk. One potential approach
would be to use variance swaps or volatility futures to reduce

3The CVaRgs metric is from the VaRgs-optimized agent, which outper-
forms the CVaRgy;-optimized agent on its own metric, as shown in Table 4.
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Figure 3: Robustness Testing on Heston model: Out of sample
evaluation of the CVaRys,, (2% transaction costs) trained
agent on bumped parameter values

the sensitivity to changes in realized volatility. Table 6
showcases the significance of correctly estimating v, and &
at the time of hedge initiation.

6. Conclusion

We proposed a deep reinforcement learning based hedg-
ing framework for managing Gamma and Vega exposure
in American put options under stochastic volatility. The
approach combines the Quadratic-Exponential scheme for
accurate simulation of Heston paths with the Modified
Craig—Sneyd finite difference scheme for precise valuation
of American options, and a cutting-edge DRL framework
(D4PG-QR) for option hedging. To the best of our knowl-
edge, this is the first study to address higher-order hedging of
American options within the Heston framework using DRL.

Our results demonstrate that the DRL-based strategy
consistently achieves lower risk and transaction costs com-
pared to fully hedged Gamma/Vega strategies. By selectively
hedging higher-order exposures, the agent dynamically op-
timizes the trade-off between tail-risk reduction and cost
efficiency.

We further assess the method’s robustness to param-
eter misspecification and observe that the learned policy
demonstrates stable performance, reinforcing its practical
viability in realistic market conditions with imperfect cal-
ibration. Additionally, under the physical measure P and
a positive risk-free rate, which incentivizes optimal early
exercise for American options in specific scenarios, the RL
agent achieves a slightly lower risk profile at equivalent or
lower hedging costs. This suggests that the RL agent offers
robust risk and cost reduction across different drift regimes
for the underlying and the risk-free-rate.
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An analysis of the training process in Section 3.3.2 re-
veals sensitivity to the NNs weights initialization, highlight-
ing the need for subsequent work on ensuring robust opti-
mization with a single agent, but with the current setup, mul-
tiple training runs are required to select the best-performing
agent.

Finally, we provide a comparison with the work of
Cao [6]. Despite differences in modeling assumptions, we
observe a somewhat comparable relative reduction in risk,
reinforcing the effectiveness of a DRL (D4PG-QR) hedging
approach.

7. Future Research Directions

While our results demonstrate the effectiveness of DRL
for higher-order hedging under stochastic volatility, several
extensions remain open for exploration.

First, instead of starting with a single option, future work
could start from a given portfolio of options, e.g. calls,
puts, European, American, swaps and futures across various
strikes and maturities. This would better reflect real-world
trading environments and increase policy applicability.

Second, expanding the action space to include additional
hedging instruments, such as variance swaps or options with
different maturities and strikes, could enhance the agent’s
ability to control complex sensitivities, including higher-
order Greeks.

Third, more realistic modeling of transaction costs; vary-
ing by strike, maturity, and market conditions; would in-
crease exactness. Similarly, simulating the arrival of new
liabilities using historical trade data would align training
environments more closely with institutional settings.

Fourth, incorporating jump-diffusion models would al-
low the framework to better capture short-term price shocks
and improve hedging accuracy for short-dated options. Ad-
ditionally, modeling parameter uncertainty during training
(e.g., randomizing Heston parameters) could improve ro-
bustness to market regime changes.

From a computational perspective, improvements in
PDE interpolation schemes could significantly reduce eval-
uation overhead. This includes employing Chebyshev inter-
polation or structured nearest-neighbor grids to accelerate
price and Greek lookups without compromising accuracy.

Lastly, algorithmic performance could benefit from more
tuned DRL architectures. Enhancements might include inte-
grating additional higher-order Greeks into the state space
(Charm (%), Veta (%), Color (%)), employing schedul-
ing techniques for learning rate decay, or using better initial-
ization strategies for the NNs in the actor-critic NNs. Such
enhancements are more geared to increase the quality and
the speed of training DRL agents.

Code and Data Availability

This study relies exclusively on simulated data. The
source code and scripts used to generate the results are
publicly available under github.com/ithakis/DRL-Hedging-
AmericanOptions.
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