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Exercises: Optimal Control

6.1 (Maximization of expected utility from terminal wealth in the CRR model [3p])
Consider a CRR model, in which the returns are iid with

P (Rt = U) = p (where p is not necessarily equal to the risk neutral value p∗).

Consider the maximization of the expected utility of terminal wealth E[u(WT )], with u(x) = log x. Com-
pute the optimal trading strategy ϕ∗ via dynamic programming.

(Hint: show that v̂t(x) = log x+ kt for some constants kt and v̂t as in equation (96) of the lecture notes.)

6.2 (Optimality Principle [4p])
Prove the “Optimality Principle” Proposition 8.8.

6.3 (Logarithmic utility of terminal wealth [4p])
Assume we are in the same setting of Section 8.3.1 with d = 1 and u(x) = log(x), but with (Rt)t∈T not
necessarily iid. Show using Proposition 8.9 that the optimal control α∗(t, ω) in this situation is given as
the maximizer of the mapping γ 7→ EP [log(1 + γRt) | Ft−1] (ω).

6.4 (Optimal control variance-optimal hedging [3p])
Let us unsider the variance-optimal hedging problem, where (St)t∈T denotes a one-dimensional square-
integrable asset price process and H ∈ L2(Ω,FT ,P) an European contingent claim. Moreover, we assume
that (St)t∈T is already a martingale under P. We already know from Theorem 3.8 that the variance-
optimal hedge (W ∗0 , φ

∗) is given by:φ
∗
t+1 := Cov(∆Ŵt+1,∆Xt+1|Ft)

σ2
t+1

1{σt+1 6=0}, t = 0, . . . , T − 1,

W ∗0 := Ŵ0 = EP

[
H̃
]
.

Identify the variance-optimal hedging problem with a stochastic optimal control problem and show that
the variance-optimal hedge (W ∗0 , φ

∗) solves the optimal control problem using Proposition 8.9 in the lecture
notes.

6.5 (Maximizing expected utility from consumption [4p])

Consider the maximization of EP

[∑T
t=0 β

tu(Ct)
]

in the setting of Section 8.4.3, with the power utility

function u(x) = xγ/γ for γ < 1 and γ 6= 0. Show that the optimal C∗t is of the form

C∗t = c
βt/(1−γ)

N
1/(1−γ)
t

,

for some c (which one?) and compute the maximal value of the objective function.


